In the paper, two sharp inequalities for bounding the psi function and the harmonic numbers are established respectively, some known results are improved and some remarks are given.
Introduction
It is well-known that the classical Euler's gamma function is defined by
for > 0 and the derivative of its logarithm is called the psi or digamma function and denoted by ( ) for > 0.
In [6] , an infinite family of approximations for the psi function ( ) on (0, ∞), for ∈ (0, ∞). Since Γ( + 1) = Γ( ) for > 0, taking the logarithm of this recurrent formula and differentiating yields ( + 1) = ( ) + 1 .
(1.5)
As a result, the function ( ) defined in (1.4) may be rearranged as
for ∈ (0, ∞). [6] may possibly be refined and restated more accurately.
Our main results are included in the following theorems. ), there exists a unique number ∈ (0, ∞) such that ( ) = ( ). . This can be restated as follows. ( ) = ln( + ) − 1 + (ln
).
It is well-known that the -th harmonic numbers are defined for ∈ ℕ by
and that can be expressed in terms of the psi function ( ) by = ( + 1) + .
(1.11)
By virtue of the decreasing monotonicity of the function ( ) and the formula (1.11), the following new bounds for are derived as follows.
(1.12)
In the final section, some remarks about the above conclusions are given.
Proofs of theorems
Proof of Theorem 1.1. Since (1) = − , the first limit in (1.7) is valid clearly.
In [7] , it was derived that
It is easy to check that both bounds for ( ) above tend to 1 2 as → ∞. ), that is, the mapping : (0, ∞) → ( − , 1 2 ) is bijective, the proof of The proof of Theorem 1.4 is complete.
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Proof of Theorem 1.5. Since ( ) is strictly decreasing on (0, ∞), it follows that lim →∞ ( ) < ( ) ≤ (1) for ∈ [1, ∞), which is equivalent to
Taking = ∈ ℕ and using the formula (1.11) in the above inequality leads to the inequality (1.12). The proof of Theorem 1.5 is complete. are the best possible. In [2, pp. 386-387] and [5] , alternative sharp bounds for were presented:
Remarks
The constants 1 + ln(√ − 1) and in (3.2) are the best possible.
There is an extensive literature devoted to bounding harmonic numbers . For more information on
, please refer to [2, 5, 7] and related references therein. Now we compare analytically the bounds among (1.12), (3.1) and (3. 
where
]. Since 3 ( ) is increasing on (0, 1 2 ] and lim →0 + 3 ( ) = 0, it follows that 3 ( ) > 0 and 2 ( ) > 0 on (0, 
It is easy to see that
lim →∞ ( ) = ln[
Combining with the graph of ( ) on (1, 29) , see Figure 3 . Remark 3.4. In [4, 9] , the positivity of the function (2.4) was generalized to a much general result including, as a particular case, its being completely monotonic on (0, ∞). for > 1, which is a special case of the left-hand side of the inequality (1.8). [3, p. 7] . Remark 3.7. This paper is a slightly modified version of the preprint [8] .
Theorem 1.5 simply recovers the first double inequality in

